Notes on quantum mechanics

October 12, 2005

1 What does quantum mean?

Let us start with something familiar. Take a cup. Try lling i t with water.
Now, we know that we cannot put any more than one cup of water ithere,
right? So if someone asked you how much water could go in thepcyou
would probably respond with an answer like \I can put any amont less than
a cup in here."

But we also know that water is HO molecules. A standard cup is 250 mL,
which is roughly 84 10°* molecules of water. The number is not important,
but you should know how to calculate it (I provide the calculéion at the end
of this section). But we cannot split water molecules in haland still call it
water! So the amount of water you can t into a cup cannot takeany value:
you must have 0 molecules of water, 1 molecule of water, ...84 10
molecules of water in the cup. We say that the amount of watenithe cup is
guantisedas we can only t certain allowedquantities of water into the cup.

In quantum mechanics, many of the quantities we deal with shas energy
and angular momentum can only take certain values as well. €hword
\quantum" is derived from the Latin word quantus the same root word as
guantity. The name quantum mechanics comes about to remindsuthat
many of the things that we deal with only come in certain quantes.

The plan of attack in physics 7C is to introduce you to three cantised
systems: a particle in a box, a harmonic oscillator and an ate A word
of warning: the particle in a box is not very realistic at modking anything.
The reason we look at it at all is that it is easy to nd the \allowed" (i.e.
guantised) energies without doing a lot of mathematics. Thkiwill give you a
good idea ofwhy things are quantised. Once we have that, we will move onto
the more realistic examples of the harmonic oscillators argimple atoms.
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The number of molecules in a cup of water

| want to emphasise that the physical idea is how many water nhecules in
a cup has to be an integer from zero to the number of moleculdsat can
actually t. However, you have done physics 7A so you shouldebable to do
this calculation and | show you how you get the amount of watein a cup.

We know that the density of water is 1 g per cubic centimeter,ral g/mL.
A cup of water is 250 mL, so the mass of water is

_ _ 1g _
Mcup of water = V = 1H (250mL) =250¢g

The molecular weight of a water molecule is given roughly byhe fact that
oxygen has 16 nucleons (8 protons and 8 neutrons), and hydeoghas 1
nucleon. The total molecular weight is 16 + 1 + 1 = 18. This meas that
each mole of water molecules has a mass of 18 grams. The nundfenoles
in a cup of water is

_ g
2509 = 18—mOIe Nmoles

So the number of moles is 13.9. Each mole has an Avogadro's tan of
particles by de nition. So the total number of water molecués is

_ o 5 particles _ 4 .
Nmoleculess NANmoles= 6:02 107 v 139 moles = 84 10* particles

So a cup of water has @ 10** molecules of water in it.

2 A particle in a box

Consider a particle that is trapped between two walls, spadea distance
L apart. These two walls do not absorb any energy, and no forcast on
the particle except for the walls of the box. While this is not very realistic
situation, it is easy to solve and give you an idea of why thirggare quantised.

If this were a ball that we were used to, then the problem woultie easy.
As there are no forces inside the box, there is no potential engy inside
the box (remember: changes in potential energy cause forldesso the total
energy of the particle would just be its kinetic energy:

1
E = Zmv?:
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Now that we are doing quantum mechanics, we need to take int@@ount
that the particle has a wavelength associated with it. Therés no probability
that the particle is outside the box, so the wave associatediti the particle
there is zero. This looks just like a wave with two xed end paits:

A

Here | have drawn the lowest allowed frequency, the secondbated frequency,
the third allowed frequency and the tenth allowed frequencyOf course, there
are an in nite number of frequencies that are allowed, and lannot hope to
draw them all! We will get back to nding them in the next section, but for
the moment | want to think about some of the implications of gantisation.

The requirement that | had a node on each end meant | was onlylaved
certain wavelengths. For matter, we have

By saying that | am only allowed certain wavelengths, | am sayg that
my particle is only allowed certain values for its momentum!The shorter
the wavelength, themore momentum the particle has. But we know what
momentum is D
=mv) v= —
P ) -

By only having certain allowed momentump, then a given particle only has
certain allowed velocities. Finally we have

1
E = -mvZ
2
Only having certain allowed velocities leads to only havingertain allowed

energies. The following picture illustrates how we get quésed energies:

Condition of nodes at each end 'e%‘is 0 guantised wavelengths
Quantised 'e%‘is 0 quantised momentump
. leads to . .
Quantisedp —(} quantised velocityv

. leads to . .
Quantised v —(3 guantised energiest




Getting the allowed energies

While the main point was to see how things are quantised, weahld actually
calculate th energies. We cannot writeall of them in picture form, as there
are an in nite number of them. We can try and develop a formulahowever.

Let us start by realising that the distance between any two ndes is half
a wavelength (= 2). Because we know that both ends have to be on a node,
we know we have to t a whole number of wavelengths into the leyth L.
We can write this mathematically as

L = (# of half wavelengths in box) E:

That is still a little long to write. Let us call the number of half wavelengths
n. Then n can take the values 0, 1, 2,.... We can rewrite our formula

L=nz:
2
While our formula is true, it is a little misleading. We are keeping the length
of the box L the same, and by changingh we are actually changing the
wavelength (look at the pictures oh =1, n =2, n =3 and n =10 in the
previous section). As it is the wavelength that is changinget us re-write

our formula so that is obvious:
2
= —L:
n

This tells us how the wavelength changes as we t in more halfavelengths
(i.e. as we increasa).

Looking at the discussion at the end of the last paragraph, weee that
quantised leads to quantised momentum. So we have

_h_hn
P
We then have quantised velocities:
p=my = h_n ) v= h_n:
2L 2mL
Finally this leads us to the quantised energy:
e = Lmyzs Ly 0 S hen?
2 2 2mL 8mL 2

Explicitly, this is



n Energy
n=1 Elzﬁ
Nn=2 Ep,= g =4E,
n=3 E3:9E1

You may be wondering what these \allowed energiestheans The short
answer is that it is almost like the molecules of water: justsayou can have
0, 1, 2,...or 8 10* water molecules but nothing in between in a cup, a
particle in a box can be in then = 1 state, the n = 2 state, ... but nothing
in between. We will discuss this again in more detail in secin 5 (this section
is important!)

3 The harmonic oscillator (i.e. SHM!)

3.1 The allowed energies

We have spent a great deal of time deriving the energy in a boXhis does
not model many real systems. Things like atoms are modelled &eing in
the Lenard-Jones potential. This potential, like almost ay other, can be
modelled like a mass-spring system famall oscillations.

Ke
(o) Q00000 )
We did this before, it was called simple harmonic motion (SHM.

The allowed energy levels in a simple harmonic oscillatoregiven by

1
En = oy hf
"2
Where the frequency is given by
r—
f = i ki
2 m

LYou may wonder why we call it the harmonic oscillator now. Strictly SHM refers to
the motion of an oscillator. So the mass-spring system is a hanonic oscillator, and the
way the mass moves is called SHM. In quantum mechanics termske motion don't make
a lot of sense, so we look at the energies of thescillator, not SHM itself.



3.2 Wait a minute?!? Is that it?

After we went through all that e ort for the particle in a box, and working

out the energies, it seems odd that we just give you the eneggifor the much
more important case of the harmonic oscillator. There are twreasons for
this.

Let us try and do the same thing that we did with the particle ina box
and see why it is hard. We start with a particle of energ{e. We know that
it is in a potential that looks like

Energy

IStance from equiibrium
While the particle always has total energyE, this energy changes how much
potential energy it has, and how much kinetic energy it has.nlthe above
diagram the total energy is indicated by the dotted line, while the arrows
show how much is in kinetic energy at di erent points.

As the amount of kinetic energy is changing, we know that theelocity
is changing (remember, the \indicator" of kinetic energy isvelocity!). If
the velocity changes, this tells us that the momentum is chamng. If the
momentum is changing, then the wavelength of the particle ishanging. So
while the particle in the harmonic oscillatoris described by a wave, this
wave has a wavelength thatchangesin space! While these more general
waves have been studied, we have not given you any experiemgéh doing
anything except \nice" waves that have the same wavelengthna frequency
everywhere.

Even if the changing wavelength was the only problem, the pbotem would
be too hard for us to solve without a lot of e ort (which would erentually
lead to some hefty calculus!). The other problem is that (in@ne sense)
a particle in quantum mechanics is allowed negative kinetienergies. This
does not cause huge problems, as the more negative the kioetnergy the less
likely that it is to occur. However, the transistor (and hene your computer,
your cellphone and almost every other electronic device yawn) works be-
cause small particles can sometimes go further than you wduéxpect for
\everyday" objects. This is calledtunnelling.

6



The particle in a box was simple because having an in nite wameant
that even quantum particles were trapped in the box. We alsodd a constant
wavelength, so we could use what we had learnt about waveseady. For
the harmonic oscillator, the answer is too hard to calculatso instead we just
give you the allowed energy levels.

4 The hydrogen atom

The hydrogen atom is one of the few examples (other than the pigle in
a box) that we can nd the energies of with the physics we haveesteloped
so far. First, we assume that the electrons are going around circles at
a constant velocity. This way the momentum is a constant, so avhave a
constant wavelength and we can use the wave material we hawevdloped so
far.

The things that we need to solve this problem are:

The electron has a force acting on if. g electron= K€=r® toward
the centre of the orbit. Heree is the charge on the proton (and e s
the charge on the electron).

The electron is travelling around a circle of radius and at speedv, so
we know that the net force acting on it is

X mv?
F:T

The total energy of a particle is

E = Kinetic + Potential
T2 r

So far all these conditions do not take into account the waveature of
the electron. We need one more special condition to do that. h€ electron
keeps going around and around, so we better make sure its wanterferes
constructively. This becomes the condition that

There are a whole number of wavelengths around the orbit.



Let us look at what some of these \orbits" look like:

An orbit with 1 An orbit with 2 An orbit with 3 An orbit with
wavelength ~ wavelengths  wavelengths 10 wavelengths

Once we have put in all the above conditions, we get

13.6eV

E., =
n n2

wheren is the number of wavelengths in the orbit

5 What does quantum mean, part duex

5.1 Photons

So far we learnt that if we put light through a diraction grating, we got
an bright spots (constructive interference) and dark spot&estructive inter-
ference). If light was truly made of waves, then any amount dight going
through the slits would produce exactly the same pattern, dy dimmer.
However, it was discovered that if you got the amount of lighsmall enough
that only individual \dots" would appear:

The normal pattern from sending through a lot of light

AN

The pattern obtained from very low intensity light.

Here the red is bright and white is the dark spot. (This seemgly perverse
convention was chosen to save printer toner for those of youiqting out
these notes!) The red lines were placed around the low intégdight so that
you could tell what the pattern would be if we let a lot of light through.



So instead of just getting dimmer, we get little isolated spe. If we leave
the experiment running for a long time and record where the sgs are, then
we get a familiar pattern showing up:

THHHIHTT
IR
il

This is getting closer to the \normal” wave picture. If we leteven more light
through, we get closer still to the normal pattern.

This suggested that light isquantised{ that light came in certain amounts
of energy that you could either absorb or not. We call these gtesphotons
If a photon is absorbed by the Im, then that part of the Im changes colour
and shows us a little \dot". If it is not absorbed, then no dot gpears on
the Im. The important thing is that the photon cannot be half absorbed {
either the entire thing is absorbed or not.

We know that we get an interference pattern out, so even if the is one
photon there at a time we still get an interference pattern. @me textbooks
try and confuse this issue by talking about \wave/particle diality”. This is
more confusing than it is worth. The things we know are:

That a photon is either entirely absorbed or not { it is not
half absorbed!

The photon still interferes with itself.

We cannot tell where the photon ends up, but the brighter
the spot the more likely the photon is to land there. (That
is why it is bright { when we put a lot of photons through,
many end up at the bright spots).

The other thing that it is important to know is how much energya photon
has:

Ephoton = hf




5.2 Matter waves

Although we think of an electron as being a \particle", it is dmost the same
as a photon. That is, it interferes with itself, but once deteted acts like a
point. The wavelength of this electron wave is given by

It turns out that all particles exhibit this unusual behaviour. The constant
h is incredibly small, so unless the momentum is small these vedengths are
tiny. This is why we can just use the physics of normal objects everyday
life.

So how do you get small momentums? You either look at very srhal
velocities or small masses. Even though you may be sitting gour chair
with no velocity each atom is bouncing around inside you witsome velocity.
(Remember from 7A that at non-zero temperature that the ators are always
bouncing around a little bit). So getting small velocitiesn the real world is
a little bit impractical. The only way that the \matter waves " show up at
all is for things with very small masses.

5.3 Consequences of quantised energies

Let us consider what happens with our system. Tgain energy, it has to
absorb energy from somewhere. But it is not enough to absoamy amount
of energy. Instead it will only absorb energies that take itrbm one allowed
energy level to another. Let us illustrate this concept by emple:

Example 1 of a quantised system

The system below has 3 allowed energy levels as shown. Imagihat an
electron is sitting in the ground state (that is, the state wih the lowest
energy). What would happen to

1) A1 eV photon? 2) A 4 eV photon?
3) A5 eV photon? 4) A 6 eV photon?
5) A 7 eV photon? 6) A 8 eV photon?

-6 eV

-9eV

@ -13 eV
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Solution
The electron can either jump up to the 9 eV state or the 6 eV state.
First, let us consider it going to the 9 eV energy state. As 9 eV is bigger
than 13 eV the electron must have gained energy. In fact

Eelectron= E nal  Einitial
=( 9eV) ( 13eV)
=+4eV:

Where did this energy come from? Well, one possiblity is that comes from
a photon! If the incoming photon has 4 eV of energy and the etean absorbs
it, then the electron must gain that same 4 eV of energy. So thisystemcan
absorb the 4 eV photon.

Now consider going to the 6 eV state. Now the electron gains 7 eV of
energy, which has to come from somewhere else { such as the 7p&\dgton!
Hence this system can also absorb a 7 eV photon.

You may wonder if the system can absorb a 8 eV photon. After alive
could have an electron gain 7 eV and take 7 eV from the photoredving a
1 eV photon like in gure 1. This process conserves energy:

E

initial Eelectron,inital + Ephoton, initial
=( 13eV)+(8eV)
= 5eV.

E nal = Eelectron, nal * Ephoton, nal

( 6eV)+(1eV)
= 5eV.

Why is it not allowed? The reason is a photon must be either absbed or
transmitted { you cannot absorb \part" of a photon and let the rest through.
So we see that the only photons on our list that can be absorbede the 4
eV and the 7 eV photons, the rest will pass right through.

Photon | Can it be | Transition Photon | Can it be | Transition

energy | absorbed? energy | absorbed?
1leVv No 4 eV Yes 13 eV! 9 eV
5eV No 6 eV No
7 eV Yes 13 eV! 6 eV 8 eV No
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/ -6 eV
-9eV

8 eV leVv
VAV VAV
L

-13 eV

Figure 1: This process is not allowed { but why?

Notice the use of the word \can". We do not know for sure that te 4 eV or
the 7 eV photon will be absorbed, but it is likely that they wil be. We know
all the other photons will be let through.

5.4 Summary
That all matter has a wavelength:
_h
P
However, h is very small so it only shows up for particles with small

masses.

That the energy of light is quantised in photons:

Ephoton = hf

That these things interfere like waves, but are either cometely ab-
sorbed/emitted or not absorbed at all.

A system is only allowed to transfer between allowed energgvels. To
go up energy level(s), it must absorb energy (usually a phatpto do
so. When it decays energy levels, it must release energy (aby a
photon) to do so.

That we have the energy levels for three di erent systems

— h2n?

1. The particle in a box: E,, = amiZ
2. The harmonic oscillator:E, = (n %)hf
3. The hydrogen atom:E, = 136 eV=n?
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